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Numerial alulation of lassial and non-lassial eletrostati potentials
Dan Christensen, Brian Neyenhuis, Dallin S. Durfee
Department of Physis and Astronomy, Brigham Young University, Provo, UT 84602
We present a numerial exerise in whih lassial and non-lassial eletrostati potentials were
alulated. The non-lassial elds take into aount eets due to a possible non-zero photon rest
mass. We show that in the limit of small photon rest mass, both the lassial and non-lassial
potential an be found by solving Poisson's equation twie, using the rst alulation as a soure
term in the seond alulation. Our results support the assumptions in a reent proposal to use ion
interferometry to searh for a non-zero photon rest mass.
I. INTRODUCTION
Although lassial eletromagnetism forbids eletro-
stati elds inside empty onduting shells, quantum me-
hanis suggests that small elds might exist. In the
spirit of Yukawa's partile-exhange theory of fores [1℄,
a modied version of Maxwell's equations was derived to
aount for a possible non-zero rest mass of the photon,
the exhange partile of the Coulomb fore [2℄. Beause a
nite photon mass would limit the range of the Coulomb
fore, these equations violate Gauss's law and make these
elds possible.
The experimental searh for deviations from
Coulomb's inverse-square law goes bak as early as
1769 [2, 3, 4℄. Although no eld has been found at
the sensitivity level of these experiments, based on the
predited sensitivity of the experiments an upper limit
on the photon rest mass has been determined. The
most reent tests of Coulomb's law were limited by the
sensitivity of the voltage-measurement eletronis and
possible bak-ation of the measurement proess on the
potentials being measured [5, 6℄.
Progress on these experiments has been slow  the
limit on the rest mass of a photon from these types of
experiments has dereased by only a fator of 2.5 in the
last 35 years. We reently proposed to use ion interfer-
ometry to improve this measurement by several orders of
magnitude [7℄. In this experiment, a voltage would be
applied aross a onentri pair of onduting ylindri-
al shells. A beam of ions traveling through the inner
shell would be split and reombined using either physi-
al gratings or laser beams. A non-zero eletri eld in
the shell would indue a phase shift between the arms of
the interferometer, resulting in a shift in the interferene
pattern.
While investigating the feasibility of the experiment,
we performed several numerial alulations of lassial
and non-lassial eletrostati potentials in the proposed
apparatus. In this paper we disuss the methods and
results of these alulations.
II. DEFINITION OF THE PROBLEM
In the proposed experiment, a non-zero eletri eld
will be searhed for inside the inner of two onentri
ylindrial ondutors held at dierent voltages. The in-
ner ondutor's end aps would have several small holes
to allow passage of the ions and to allow laser beams
and/or wires to enter. For the experiment to work,
the fringing elds "leaking" through these holes must be
small ompared to the non-lassial eld under study.
In addition, the alulations in [7℄ assume that the non-
lassial part of the potential between the interferometer
gratings is approximately that of an innite ylinder. To
verify that these onditions are met, we performed sev-
eral numerial alulations.
The setup assumed for these alulations is illustrated
in Fig. 1. The inner onduting shell was assumed to be
a thin-walled 2.6 m long ylinder, 27 m in radius. It is
apped on either end with onduting disks, also 27 m
in radius. These disks are 20 m long to redue fringing
elds through the holes. This inner shell is surrounded by
a seond onduting tube with end aps. The outer tube
is 3.06 m long with an inner radius of 30 m, giving a 3 m
learane between the inner and outer shells on all sides.
The inner shell was assumed to be at a voltage V relative
to the outer shell, whih was assumed to be grounded.
In an atual experiment, V will likely be hundreds of
kV. But beause all of the potentials we alulated sale
linearly with V , we set V = 1 V for our alulations, and
then saled the results.
For simpliity we performed our alulations for a
ylindrially-symmetri geometry, replaing the holes in
the inner ondutor's end aps with radial slies gener-
ated by rotating a 1 m hole about the axis at a radius
of 25 m. As suh, the fringing elds that we alulate
will be signiantly larger than the atual elds in the
real apparatus, and the alulation should be onsidered
a worst ase estimate.
III. EQUATIONS FOR CLASSICAL AND
NON-CLASSICAL POTENTIALS
To nd the lassial fringing-eld potential φc from a
given set of stati boundary onditions we use Laplae's
equation. For the non-lassial eld, we use the ounter-
part to Laplae's equation for massive photons:
∇2φ− µ2φ = 0. (1)
2Figure 1: Layout of ondutors. This sale gure gives a ut-away perspetive view of the ondutors whih enfore the
boundary onditions assumed in our alulations. Arrows point out (a) the inner onduting ylinder, (b) the outer onduting
ylinder, () the disk whih aps one end of the inner ondutor, and (d) one of the three sets of additional ondutors inserted
into our alulation to explore the eet of mounting objets inside the inner ondutor.
The onstant µ in this equation is related to the photon
rest mass mγ by the relation µ = mγc/~.
For the non-lassial alulation, instead of solving for
φ, we solved for the deviation from the lassial potential
φp = φ− φc. With this denition, Eq. 1 beomes
∇2φc +∇2φp − µ2φc − µ2φp = 0. (2)
Laplae's equation states that ∇2φc = 0, so the rst term
in the above equation is zero. Also, sine µ is known to
be very small, we expet φ to be approximately equal to
φc. This implies that φp will be very small ompared to
φc. As suh, we an drop the last term. And sine we
don't know a-priori what µ is equal to, we will normalize
our equation by dening a new parameter φs = φp/µ
2
.
Making this substitution and anelling out the µ2 in
both terms we get
∇2φs = φc (3)
Equation 3 is simply Poisson's equation with φc play-
ing the part of the harge distribution. As suh, our
simulation need only to be able to solve one equation,
∇2φx = y. (4)
To alulate the lassial potential φc, we simply replae
φx with φc and insert y = 0 into this equation. To alu-
late the non-lassial part of the potential, we rst alu-
late φc. Then we then replae φx with φs, and insert our
previously alulated values for φc as the soure term y.
For an axially-symmetri system, Eq. 4 an be written as
a two-dimensional equation in ylindrial oordinates:
1
r
∂φx
∂r
+
∂2φx
∂r2
+
∂2φx
∂z2
= y, (5)
where r and z are the radial and axial oordinates.
Note that if µ 6= 0, a onstant potential is not a so-
lution to Eq. 1, and we are not free to arbitrarily dene
the outer ondutor to be at Vg = 0. But if this on-
dutor is Earth grounded, due to the huge apaitane of
the Earth it is reasonable to assume that Vg will remain
fairly onstant as the voltage on the inner ondutor is
hanged. In the proposed experiment the inner ondu-
tor's voltage relative to the outer ondutor would be
periodially reversed. Rather than measuring the eld
inside the ondutor, the dierene between the eld be-
fore and after the reversal would be measured. In this
measurement the the unknown voltage oset Vg will an-
el. As suh, setting Vg = 0 in our alulations still gives
us meaningful results.
IV. METHODOLOGY
We did our alulations using a nite dierene
method, in whih the potential is alulated at points
on a grid. Derivatives are approximated to seond order
from adjaent points on the grid. Our grid was evenly
spaed in both dimensions, with points separated by a
distane a. The potential φx at eah point on the grid
will be written as φi,j and the soure term y at eah point
as yi,j , where i and j are integers labeling the point. We
will dene i = j = 0 at the enter of the onduting
shells, suh that the atual oordinates of eah grid point
are equal to ri = ai and zj = aj. Using these denitions,
Eq. 5 an be approximated by the equation
φi+1,j − φi−1,j
2ari
+
φi+1,j − 2φi,j + φi−1,j
a2
+
φi,j+1 − 2φi,j + φi,j−1
a2
= yi,j . (6)
This an be solved for φi,j in terms of the known quantity
yi,j and the value of φx at adjaent grid points:
φi,j =
1
4
[(
1 +
a
2ri
)
φi+1,j +
(
1− a
2ri
)
φi−1,j
φi,j+1 + φi,j−1 − a2yi,j
]
. (7)
We began our simulation with an arbitrary value of
φi,j at eah grid point. Then using Gauss-Seidel iteration
[8℄, this equation was evaluated at eah point to produe
3an updated value of φi,j . After many iterations, φi,j
eventually onverged to the orret values to solve Eq. 6.
To aelerate onvergene, we used the suessive over-
relaxation method [8℄.
One group of points whih requires attention are the
points for whih i = 0. Beause r is always positive
in ylindrial oordinates, φi,j is not dened for nega-
tive values of i. But there is eetively no dierene be-
tween ylindrial and Cartesian oordinates for the row
of points along the axis. So for these points we alulated
derivatives using Cartesian oordinates knowing that the
points diretly below the axis and just into or out of the
two-dimensional grid should have the same value as the
point diretly above eah point on the axis. This gives
the equation
φ0,j =
1
6
(4φ1,j + φ0,j+1 + φ0,j−1) . (8)
In addition to axial symmetry, the ondutors have
mirrored symmetry about their enter. This allows us to
throw away all of the grid points with j < 0, utting the
number of grid points in half. Doing this requires us to
treat the j = 0 points dierently, beause our grid no
longer ontain values for φi,−1. By symmetry we know
that φi,j = φi,−j . This allows us to replae φi,−1 with
φi,1 in Eq. 7. The point φ0,0 is a speial point, being
both a member of the r = 0 and z = 0 groups of points.
For this point we use Eq. 8, but substitute φ0,1 for φ0,−1.
After every 100 iterations, the program alulated an
estimated error at eah point by evaluating Eq. 7 at eah
point without hanging any values on the grid. We de-
ned the estimated frational error to be∣∣∣∣φi,j − Φi,jφi,j
∣∣∣∣ ,
where φi,j is the atual value at grid point (i,j) and Φi,j
is the value alulated from Eq. 7. If there were no points
on the grid with a frational error larger than 10−8, the
simulation terminated.
While experimenting with dierent ondutor geome-
tries, we signiantly dereased the required omputation
time by suessively reduing the size of the grid in the
axial diretion. This was done by nding olumns whih
had already onverged near their nal value and then
using these values as the new boundary onditions for a
problem involving a smaller grid. To do this the program
used a variable jmax, initialized to the largest j index
on the grid, and only updated points with j ≤ jmax.
After eah set of 100 iterations the program stopped and
alulated the frational error for eah of the points with
j = jmax. If the frational error at every point in this
olumn was smaller than 10−8, the program would re-
due jmax by one, thereby reduing the eetive size of
the grid. The program then repeated this proess until it
found a olumn whih ontained at least one point who's
frational error was larger than the speied value. Then
the over-relaxation parameter was re-alulated and the
Figure 2: Reduing the grid size. In this proess the fra-
tional error of the outermost olumn of points (the dark grey
olumn) is evaluated. If the frational error for eah of these
points is less than a set value, the grid size is redued and the
next olumn of points (the medium grey olumn) is evaluated.
If the error for eah point in this olumn is smaller than the
set value, the grid is redued again and the next olumn (the
light grey olumn) is evaluated. This proess ontinues until a
olumn is found whih has at least one point with a frational
error larger than the speied limit. In this example, the
right-most white olumn was the rst olumn found to have a
point with a frational error above the set limit, and the grid
was redued in the diretion of the arrow to the dashed line.
next set of 100 iterations was performed. This proess is
illustrated in Fig. 2.
The error introdued by stepping in should be negli-
gible; if a olumn has onverged to within a fator f of
its nal value, the error introdued onto other points by
freezing this olumn should be of order f . Therefore,
for a grid with Nz olumns, the largest frational error
introdued anywhere on the grid by this method should
be on the order of f
√
Nz if the errors are assumed to be
random, and on the order of fNz or smaller otherwise.
Beause we have not done a rigorous theoretial study
of this method, one we had deided on the nal geom-
etry for our ondutors we veried our alulations by
performing additional omputations whih did not use
this stepping in method. The result of these alula-
tions were idential to those done with the stepping-in
tehnique to the seven digits of preision saved at the
end of the alulations.
V. CLASSICAL FRINGING-FIELD POTENTIAL
For the lassial fringing-eld alulation we are
mainly interested in how the potential inside the inner
ondutor varies from V , the voltage of the inner on-
dutor. To keep round-o error from ompletely mask-
ing these variations, we made use of the fat that lassial
eletromagnetism allows us to arbitrarily add a onstant
potential. So rather than solving Laplae's equation for
φc, we instead solved for ∆φc = φc − V using the same
equation but dierent boundary onditions  −V on the
outer ondutor and 0 on the inner ondutor. This way
we found small deviations from zero rather than a nite
potential.
The results of this alulation are shown in Fig. 3(a).
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Figure 3: The results of the numerial alulations. All alu-
lations were done with a grid spaing of a = 1.67 × 10−2 m.
Only the region inside the inner ondutor is shown. In (a) a
semi-log plot of the lassial fringing-eld potential is shown.
The peak in the upper right-hand orner is at the loation of
the radial slie in the end ap. In (b) the non-lassial po-
tential φs is plotted. Frame () shows the eet of additional
onduting objets inside the inner shell.
We have veried that the errors due to a nite grid are
negligible by performing this alulation with other grid
spaings. If the grid spaing a is inreased by a fator of
3, ∆φc at the enter of the ondutors hanges by 9%. If
a is inreased by a fator of 1.5, it hanges by only 1.3%.
We t these three results to a power law, and found that
the t is in good agreement with a fourth data set data
in whih a is inreased by a fator of 6. From this t we
estimate an error on the order of 0.3%.
To verify the validity of our results we used a series so-
lution to alulate the eld inside of the inner ondutor
assuming that the inner ondutor was grounded, and
that the potential inside of the radial slies in the end
aps was a xed onstant. This alulation showed that
the potential at the enter of the tube would be 4.5×10−7
times the potential inside the radial slies, in good agree-
ment with our numerial alulation. We also found a
series solution for the eld between two grounded ylin-
ders with a xed potential applied to the gap at the ends.
The length of the ylinders was assumed to be equal to
the sum of the lengths of the two end aps, with a gap
between them equal in size to the radial slie in the end
aps. The eld in the enter of the gap turned out to be
2× 1027 times smaller than the potential at the end, also
in agreement with our numerial alulation.
VI. NON-CLASSICAL POTENTIAL
To alulate φs, we set y = φc in Eq. 3 and used the
same methods disussed above. Sine the potential on
the onduting surfaes is given, the deviation from the
lassial potential should be zero on these surfaes. So
the boundary onditions for the φs alulation were that
φs = 0 on both of the ondutors.
The soure term y in this alulation is equal to φc. We
an obtain this by adding V to our already ompleted al-
ulation of ∆φc. Inside the inner ondutor, where ∆φc
is very small, this results in values aurate to the total
preision allowed by the double-preision oating-point
format. But between the two ondutors, adding V to
∆φc results in lost preision. We are only interested in
the elds inside the inner ondutor, whih should not be
aeted by this lost preision  the non-lassial poten-
tial is predominantly generated by the loal soure term
y rather than from fringing elds generated outside the
inner ondutor. But to be extra areful we also alu-
lated φc diretly using the orret boundary onditions
(the inner ondutor at V and the outer one at 0), and
used these values wherever φc was less than V/2.
The results of this alulation are shown in Fig. 3(b).
Figure 3() shows the results of a similar alulation in
whih additional ondutors were added to simulate op-
tis and other objets inside the inner shell. These on-
dutors onsisted of a ring and a ylinder at the three
loations where gratings would be positioned in the in-
terferometer. The rings were assumed to be 6 m wide
and 1.5 m thik, just touhing the inner shell, and the
ylinders to be 6 m long and 1.5 m in radius, entered
on the axis of the inner shell, as shown in Fig. 1. These
ondutors were assumed to be at the same potential as
the inner shell.
We estimate the error in these alulation to be very
small  to the seven digits output by our program there
was no hange in φs when we inreased the grid spaing
by a fator of 3.
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Figure 4: Comparing the dierent potentials. The potential
is plotted as a funtion of radius at four dierent points along
the axis. In (a) the non-lassial eld is shown. In (b) the
non-lassial eld is shown for the ase in whih additional
ondutors have been plaed inside the inner shell. In ()
the lassial eld is shown. The lines marked with irles
and diamonds are at axial distanes of 0 and 100 m from
the enter of the ondutors  the loations of the gratings.
The lines marked with + and × are at axial distanes of 33
and 67 m, respetively. All potentials were plotted assuming
that V = 200 kV and µ = 2.8 × 10−11 m−1. The thik grey
lines in (a) and (b) represent the analytial solution for the
non-lassial eld inside of an innite ylinder.
VII. IMPLICATIONS
The elds are ompared in Fig. 4. While this gure
shows the potential at eah point moving radially from
the axis, for the proposed ion interferometer experiment,
all that is important is the eld at the loation of the ion
beam. As suh, the most important information in this
gure is the radial slope of the potential at r = 25 m.
In Fig. 4(a) we see that the non-lassial eld is ap-
proximated very well by the eld of an innite ylinder.
In Fig. 4(b) we see that although the eet of small ob-
jets inside the shell on the non-lassial potential is not
negligible, it should not greatly hange the sensitivity of
the experiment as long as are is taken. Beause ax-
ial symmetry is assumed, the additional ondutors took
the form of large rings rather than small retangles whih
would better approximate an optial mount, and this plot
an be onsidered an extreme worst-ase estimate.
Note that the vertial axis in Fig. 4() is about 2.4×108
times smaller than in (a) and (b), indiating that the
fringing-elds inside the inner ondutor should be om-
pletely negligible for values of µ muh smaller than
2.8 × 10−11 m−1(orresponding to a photon rest mass
of 1 × 10−53 kg, over 600 times smaller than the ur-
rent experimental limit measured in [5℄). Consequently,
fringing elds should not be a problem in the proposed
experiment.
VIII. CONCLUSIONS
In onlusion, we have onduted a numerial study of
lassial and non-lassial eletrostati potentials in an
axially-symmetri nested ondutor onguration. The
results show that the assumptions in our reently pro-
posed ion-interferometry experiment are valid. The al-
ulations show that for values of µ muh smaller than
the urrent experimental limit, non-lassial elds should
still dominate over fringing elds. Furthermore, we have
shown that the non-lassial eld approximates the sim-
ple eld of an innitely long set of ondutors.
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